P9oTE 5 = 4hetk

Krasjet

(FRZJGABNE i _(:3) £)_, fLEEXFERSHEIR. MRIREKEIE
EIHEREER WA 2B, HERZR Isues i)

X SCE R 32 H AR A B E — T VYT (Quaternion) 5 =4Efies 2 [RIATR
R B LB RARS 7, HRBG—ERREILBIHEN, AT
AR E R — .

HATRZ SRR 1 ERAR R 77 SORMERIX — £, M AR — 220 LS A
RARTERE. KON 3D RSB ERANTHEAEE 2 NRY, DAY TS =4Eheier)—2%
KA ] DLE R ] — 22 A L AR e ME AR AR A S RO B, FHARIR A
2% BAHERHER 3 HIR TR] AHtH =R X — 75 ZORBEARPU TR, AN SRARXS BE R Y
NRRCE, BAERE TR RIS L, ERENARENHES.

R BATT = Z R M B = ) LT AR T BALE AR RN, QiR IR RN
SJVIHEF B MR ARECRE R NE, BAWMER W CEREGTHIEIR. 2%, BIE
B a TR B — L4 R 1 AT REIE A — U Y.

BAEE X XEINEIATFE T —2H T Demo I MATLAB fURS, 7 HXG3)E S
28T GIF, YRATDME GitHub EEREIEAT: heeps://github.com/Krasjet/quaternion

AR TCCBY-NC-SA 4.01 #FX, FEHZRINRIEICHTE 4% DU SR FIAE [RIAT B
W, HFHEHAZEMTELHE.

1 E#

FEN AT S 3D hefk < AR R 20, FAVERITIE— T EE (Complex
Number) HJ—2MERLAKLES 2D ek 2 AIRRR. POTBRZHERAERZ 2
ARG EBARR L, A DB E ) — M SN B P T AR R A B,

FNEBARTNVER, FENEERINEAZIER 2. RN EHELIE
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https://github.com/Krasjet/quaternion
https://creativecommons.org/licenses/by-nc-sa/4.0/legalcode

WYY, Wl DIEREREIE .

1.1 EX

TE—NEH zc CHRIFR TN z=a+bi R, HAFabeRMH 2 =-1. &
1% a R NN EEHIRER (Real Pare), b FRZ WX PNEEAIEEE (Imaginary Part).
KN z = a+bi HEFEN T {1,i} XTE (Basis) I 4HE (Linear Combination),
B AT DA M ER TR — N EEC

KX EEAEMNITR, BATTLMERE I R — AR — 1 EH. B
T HIREAEAR Re RREHISLER, IR Im AR EHIHEER:

Im

bi|------

1.2 MK

1.2.1 EHIEE
WERBMTERDEE 21 = a+ bi,zp = c + di, EAIIFIFLE D EAHINZE R -

zZ1+zy=(a+c)+ (b+d)i



[FIRE, QNN EAIHR, BRI ST LT
Zi—zy=(a—c)+(b—d)i
BAREHWMBEEARZHENMER, ERIBEFARRMNNER, BAIFE
RIER)ZEE BIFRIE.
122 S¥FEE
WMREPINEE 21 = a+ bi, 2o = c +di, TATA] UL FELASR IR BTN :

2123 = (a + bi)(c + di)

= ac + adi + bci + bdi®
K i2 = —1, XA]RAUH—LfEN
z127 = ac — bd + adi + bci

=ac — bd+

(bc + ad)i

WRATFAIMIERRTRRE R T, EEHFNSE R EL MR —NEGS M EMEENS R,
LR :

Z1Z2 = ac — bd+

(bc + ad)i

il

ey ] ERREREIRERN z,, TAMAK [ ] W2 z; RURERERZR. 3

MATCAR R, SEARXNER, HELES [b b] XA HEREATRR IR B F T

(RABHE X NEFR SRR A RIXLE, ERIRAFERREARNERSE
BHRIFIB R Z AR R AT LA T).



Ao, EREEAXT, B85 EHHHFEA] FRTOVERRIHESE, RBEATEM
NE 2 = a+bi, 2, = c+di, LT 212, FTAGERRIZEHI AT AR :

a —-bllec —-d
Z1Z9 =

b alld ¢
ac —bd —(bc + ad)
bc+ad ac—-bd

ER, SBHMHREM AR, WRIRECZRA—F, MRk 212 5 202, 2

EHrHY:
P —ﬂ{z—ﬂ
2921 =
d c||b a

ac—bd —(bc+ ad)
= 2122
bc+ad ac-—bd

PRILZAN, BATIRE — T — LRk B LR A

10

i= ] (@=0,b=1)

AIDVEE], SRR 1 5 MADERR S, THRAEL i W T [(1) _01] 2

REATZH AT 77, WU

. .. o -1ffo 1] |-1 o0
i“=i-i= =
1 0 0 -1

1 0
RIERAERERRIUR, 25 -1 HSWRESM, XY RoR 7 B85/
A HISRER.




123 EHMERKSHE

BT R = RIIIeZ AT, TATIEE L — NERHHIEK (Magnitude). WK z = a+bi,
ML ERIBER

Izl = Va? + 7

BRR, BiTE LEBPIHIE (Conjugate). WHR z=a+bi, HALEHIFEHEN:
z=a-bi

FATAFEZERNE: 2 BERIFTSHREREI e 7. RPN E 2z, 1S
RIE:
zz = (a + bi)(a — bi)
= a? — abi + abi + b*

= a® + b% = ||2||?
FI DA, —ANE SRR AT DB SRR 5 SO T
ll2ll = Vzz

1.3 E#HMEFES 2D etk

-b

A, BAMIE 2 Z /TR I5 -, E%ﬁﬁtﬁﬁiiﬁﬂﬁ$ﬁiﬁ1ﬁz§i§'[Z FERE T {E H O AR HR,
a

IRIXMAE A RE T 2 0E?
KR L, WRBATS AT — 22T, X AR A 5 MR 1

a —b a -b
= Va2 + p2 | Va?+b?  Va?+p?
b

b a 4

Va’+b?  Va?+b?

BATRAEFER R —NICREBRLA TEK ||2)| = Va? + b2, FHRIX -S| 7 HEFES
M. 23X, BATHFENRE — NE VB < AiHI R 1



Im

=a+b

bi iiiiiiiii ‘Z a 1
&
¢ ' b
0 |

2 4 Re

AIDAVEER, |zl IEREE z 5ARHFTIE R =AENREEE, e b 2518 =5
R E AL, ERERNH 59280 Re IE /MBI AICH 0 BITE, 418 =K%
HIE AT DATS HY = =cos(0), H v% = sin(0), X MAE 0 HEHIE atan2(b, a).
HIE T IX8E ) AR R AT AZETE N -

a -b VIR cos(f) —sin(0)
b a sin(0) cos(0)

Il cos(0) —sin(0)
=z
sin(f) cos(6)

CHERTTIEHRERE A = 1A)
sin(f) cos(60)

B llz|l 0 [ |cos(8) —sin(@)
Lo 2l |sin@)  cos(d)

B IRARFEFE AT N T AR BEMENE &, B e

cos(0) —sin(0
=||z||~1[ © ()]

Izl 0
0 lzll

cos(0) —sin(0)
sin(f) cos(6)

RIMEIRATAIR S5 T B AR e RE PRI A R AR, FRATTRT DAB B XN R R 7 1 2k

M, AR

]M%ﬁﬁ%ﬁ%zD%%ﬁﬁ.



[ﬂmrimﬁmﬂ%.ﬁ%%rr
0 1 0

FHHEIR || AR T

1
0 sin(0)

cos(@)-

-cos(Q)-

o

‘mw1%m72wa

sin(0)

EFVEEET 0 1, FHAERT ||z] 15

A6 BCRE R R

%?%%t:
a | [o] _[rzn o]
boalltl o |z
REEE
0 el
—q 9
i g || a7 |0
1 cos(0)

RE:

BN

- -cos(0)
sin(6)

sin(6)

- —cos(H) —sin(6)| |1
sin() cos(f) | |0

RO, thet@Wiehes 7o &, & FK:

_ |l cost@)
Izl sin(6)

121l cos(6)

.am*m,ﬁ%wl1ﬁw
||z|| sin(@) 0

—cos(H) —sin(0)] [1
sin(f) cos(f) | |0
_ sin(6)
cos(6)

A E, XRIFERGNE e T 0 &, U



Izl cos(6)

5 R RSN [‘ Smw)} GO [‘”Z” sin(6)
cos(0)

].ﬁﬁ%?%%%ﬁ%ﬁ%

W ETHER: T 0 f1, FHAEIK T ||2I| 15

Fibh, EEMHRELZRESHERTHRNES. WWERE—-1"EE 2z = a + bi,
W2z SEB—NDEE c HTRE DK ¢ Wi EH 0 = atan2(b, o) B, FHBHFEMH
llzll = Va? + b% f5.

W ||zl = 1, WELRWE 0% + % = 1, BIXNERET DA —DNRA M ERER, A4
XN EEF R LR Xt se 2 RETesE 7. B8 NORMER 5t R A a1 ek
yis] 2

cos(f) —sin(0)
z =
sin(f) cos(6)

GRARFATVAELE 2D R ERE—DIAR v e 0 &, ARATRATIHRT DA A IX AR
Xt v AT R

Theorem 1: 2D JEFE /AN (GERERY)

, [cos(@) - sin(@)]
v = '
sin(f) cos(6)

cos(f) —sin(0)

ER, HE
sin(f) cos(0)

lﬁ¢%%%ﬁ@%5&§ﬁ%ﬁ%%ﬁ%mﬁh—
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i sin(0).
X

y
2, BATATDIAE —DNEEL 2 = cos(0) +isin(0), HRHTE v HIFSKIHITIER. TEH: 0
2 JERITA R o Al USSR S EERIE R IR :

m%ﬁm%ﬁ%v:[lﬁﬁﬁgﬁﬁﬁv:x+w,ﬁ¢i%%x,@%%y.%

Theorem 2: 2D Jgkk/ AT (BEHFIRD)

v =20

= (cos(0) + isin(0))v

1.3.1 SEHAIRALITE
cos(8) + isin(0) A] UHAT R —H 1. RIBEEKH/ATX (Euler's Formula),
cos() + i sin(6) = e

BRPLAFHNERAE AR 7 FIRRE R X = A8, XEMAEER 7. A 17X —
MER, BINREREEEIRN,

cos(f) —sin(0)
Z=WW- ]
sin(f) cos()
= ||z||(cos(@) + i sin(0))

= |lzle”

GERBANTE X r = |l2ll, MR T ELHIRALIRE

zZ = reie
IR S E SRS SRS R RN N 0 8 0, b Tek T, FRATTA] PAREFH — DT A
¥ r MER A 0 BB ACRE ER—EE, M H e 5 #iaI B R 7 1.

X

GUERFBATVAEXS 2D A& v = | | MEATHERH Gk, FATTA] PR BUeRE X e &

y



EBER—1NER v=x+yi. o, Gdhelk 0 F, 460 r 52 G0 E o 5a] DUX
A

v =re'fv

GUERHTR E eks 0 RIS, FIDALAERIA T r =1, AR AHEHIEE Rz :

Theorem 3: 2D gk~ (FREF)

IX=A 2D ekt AHESLERRTFOTHY, ARIEAFIY T RIBATAT DAE e A A
& EBMZETHETBER e, B E2EER KB A5K

1.4 HexMES

WRBATEM MR 2D TerE BN E 2L 2z, = cos(0) + isin(f), z; = cos(@) + i sin(¢)
DA —NAIE v = x + yi, FATAIPAGEXS o BT 2, HYBERE

v =zv
TERCEA B, FRAD o AT 2, BUTER:

V" = z5(z1v)

= (z221)v
GUERBRATPREIX PN IR e 82 P 1t B S R BN Z N zer, AR

v = (ZZZl)U = ZpetV

Znet = 2221
BAzririet, KoOvEERUHETE ST AR, PrlA

Zpet = 2221 = 2122
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ERBMNZATE B 200, BT

Zner = (cos(0) + isin(0))(cos(¢p) + i sin(¢))
= cos(0) cos(¢) + i(cos(0) sin(¢)) + i(sin(f) cos(¢)) — sin(0) sin(¢)
= (cos(0) cos(¢) — sin(0) sin(¢)) + (cos(0) sin(¢) + sin(6) cos(¢p))i

XA H A=A EF AT UL

Zner = (cos(0) + isin(0))(cos(¢p) + i sin(¢))

= cos(0 + ¢) + isin(0 + ¢)

FITEA, HBATHPA 2D S T 2 G, A 2IR2E R 2, o2 — D heks, A
SHEMARRFIER. RXNFREIAIGEE AR 21 5 2, BEE A ZH.

2 Z4E=S[E|PRYNed:

FEPHeP TR /I, AR — R =4S R I hes: .

TR —HES AR RE NI IE AR ZM, HRMTIXECENZHMA I (Axis-angle) 1Y
JEFE.  BINME R A R RRIRE H, (ERIRATAERK N AR RTTEAMEFE
Gimbal Lock (WBonus B 19) M HAKHE T ="MBbREHAIE R, AU TEIEZ N T
JUXANRIL. B X A EIN e RS A e L R e R NS i TR O

BILEATE — M RS QR ARSI R s 3R A 10T LSS R e ik i R 2| R

X
R, HATHER:, BRPREIEALL) B u = |y|, BORER—DARE v, EXhE
z

FRhhhER: 0 &, ZHE v
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https://krasjet.github.io/quaternion/bonus_gimbal_lock.pdf

FE, EXREEDBATRERGFLIRRG, Wl b hestryiE sy mzgH A TR
BEENE . fRe] AR B FRHEfa e o FIE7Tm, Hel Ry
Gl S g ) M s S L A A puiting 2 W

TERA RN TTIES, — DR R E XRZEA AR N & JEdei u i x,y, 2 28
bR, PAN—iEEMA 6, 2B —HENNEHE (Degree of Freedom). IXIRAA .
TR AN =" BER. SEPR b, E=gtdihest AFZE =108 HEHA]
PUEN T, NI ARXRBERMN=ZH—EHEE?

S5, (R SUERER u 9 x,y. 2 SHRAOIAIN, TR X T u OB (K.
AT, Hekehli o HSURABE, JERRSR 8 (), CINPEKE. EY
=R AEATFEAZINDNEA LT (SEEN DR RIERA) .
B Al BRI F Rt R BRI E A, FRATNAE L AR A B B R AT PUE X
HIBR EEE UL MR ER R DA ERE — TR, NMREFEDR
INHEHRIX AN B B

B2, RIS v 22— 1771, AE—TrR. 8 THRX DN B BE, &
(AT AR BEREHh v B |lull = VX2 + 92 + 22 = 1, LRV v B — DA E.
XFEF—K, HEEH o EEM LR, FATEREK S =105, bean, FRATH
TET u ) x, z B6R, ARATRREISE] y = VI — x2 — 22, HSEATAT DA E TR
&, EEE u|l = 1 BB NBA 25 SRR Z AR, Xt 2 &y
R R E S EBI].
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2.1 hesRHDfE

A TIRRNLR, BATER R DOTIREE E AT MiEss 1. &g, BATATLA
B v o7 Thesehh u UNIER (FH) T oW DN2E, vy Mvy, Bl

vV=v+vy
BATTAT DA BIBERIX D o ia &, AR e s i8S FAR RIS e s e A & v
vi=v 4V

NHEHE D RIRER:

Viig---- / v
!
|
|
|
|
|
|
|
|

!
‘VJ_

A PAER, V| HAHELE v 1F u EIVIEAR Y (Orthogonal Projection), B IR 5
A, FATTAT PG HY

V|| = proju(v)

u-v
= —u
u-u

u-v
= u
[[ulf?

(lull? = u-w)
= (u-vju (]l = 1)

KR v = V|| + Vo, FATA] PASE

Vi =V

v—(u-v)u

13



BEARMCEIEE LR v, 7 FRBITATED AN v # v, BIhEEE ]
PAT.
2.2 v BYhEd:

BoE, BAPRE—THTT u i v, XMIEOCHSLIRR A, MW ZATHIE R AT
DEE, vy ESCIRAMIA s, RSk v HS, AT

Theorem 4: 3D Jg#e AT\ (AIRAY, ~FATEN)
= v AT hER R u I, BERe 0 2 A v Y

I —
Vii= Vi

2.3 A\ E"Jﬁﬁig

R, BNFELCEELZT oy vy, ROV HERIERE, XA A] P
B FHERNE— DI, FOVHER AR v, FIRKE, P2 —NE. Mz
AR REE, AMA LA :

/N v,

BAE, 3D HUBEEESAERAIFE Ly 7 2D Vi ERpERe. BT e P B3R
AR vy, HERER DR RAER, BITETRELE —PFRINLEZT u
vy HITAIE w, 3XA] DOEIE XRRIRTS

wW=uXxXv,

14



ERSGRINY, 288G FENIRa] DUZBLZASETRIRIE w67 v, fefs »/2 J5HY
Jil, FHEHM v, —FBATIER T u BFEA. B o)l =1, FRATTATPURER,

Iwll = lluxv.]l
= |lall - [[vol - sin(/2) (z/2 72 w5 v, FRFM)
= [lv_ll

R, wil v, FEKEMRR, L, w TR E F 7 HEE w,
SUH S TEAHEFENA TR, MIMETDEE v, 8w v, b,
Ho @ v, # v, R — R =AR AR A e 21

vV, =V, + Vv,
= cos(0)v, + sin(f)w

= cos(0)v, +sin(f)(u xv,)

XARLTERL T HERE RIS =2, BATR] AR — e

Theorem 5: 3D Jig#e AT\ (AIRAY, [EZZ1E N

4 vy IERTheReH o I, e 0 G v, N:

v/ = cos(0)vy + sin(f)(uxv,)

2.4 v BYhEs%:
¥ EEPM DS ERA S F ] DAIRTS
v = Vh +V,

= v|| + cos(0)v + sin(0)(u X v)

RS ESE Sy e
uxv, =ux(v-vy)

:uXv—uXV”

=uxv (uFATT v, Filluxv) =0)

15



e, Bvi=@-viu5v, =v-(u-v)uflA:

v = (u-v)u+cos(0)(v— (u-v)u) + sin(0)(u X v)

= cos(f)v + (1 — cos(0))(u - v)u + sin(0)(u X v)

XA R E] 7 —BIE A hess A3

Theorem 6: 3D JEFe /A (MIERY, —M&IEM, I Rodrigues’ Rotation
Formula)

3D ZRFPERE— v 1HE B R u jEE 0 fEZ AR v N:

v’ = cos(0)v + (1 — cos(0))(u - v)u + sin(6)(u X v)

BIREJGERELKIRE 2, EERMMRPRLEER 2T XAz HAE
.

3 Mro#k

KT, BATR DA THE VY T S ek 2 IR R T . PYnEBIE LR E AR 2K
L, ME—RIX BRI T — A = EE, mEHAE 1. ANt g e H
(H RFEBUITER LI William Rowan Hamilton) &SR] PAE B N ENIX A A

gq=a+bi+cj+dk (ab,c,deR)

\
/|
5

i?=j?=k*=ijk=-1

XA EACLE A ATHRE 1 YT — DI
S5EEEEM, FOVPYTTEBOLSE N T3 (1,4, ), ky MG, MHoolthin] IS

16



IDYCIE={ Ny e

> Q.

PRILZAN, BAIEFE R TS S BT, HH— D =Z4ERRER RN,
Rrem mbrE Mg iE

X
g=I[s,v] (v=|y|.8xy,z€R)

z

3.1 MR
3.1.1 B (Ge)

IRERIE X, AT LGN — NI g = a + bi + cj + dk K (BHE U
83 (Norm)) X HM:

gl = Va? + b% + c2 + d?
R APRE A EA AR TRORIIE, ¢ = [s v] FBEKN:

gl = Vs* + [Iv]]?
=Vs?+v-v (v-v=]|v|®

BIR, PUICEHIRRARME R T LA R T ORI TRRAR, ROy e RERIE — M U4ER K
JE. R, MEgEr R RK—r, XRR BB TS XEER, R
TR B — N SO AT LAY

17



3.1.2 ErcEniEFEE

58 ML, WeBminik R &8mete] AT, R ERATE WYk
qr=a+bi+cj+dk, g, =e+ fi+gj+hk, IBLEMNFIN:

G1+q=a+bi+cj+dk+e+ fi+gj+hk

=(a+e)+ b+ fli+(c+g)j+(d+hk
I RRIE, HERINSSONE SR LT
G+qz=(a-e)+ (b= fli+(c-g)j+(d-hk
RS TR bR E R RN RUE R, R g, = [s,v], g2 = [t.u], B4

q1tq=[s+t,v+u]

3.1.3 IREFE
WRBATE— MY q = a + bi + cj + dk FI—"Mr&E s, L EMNIRIRRA:
sq = s(a + bi + cj + dk)
= sa + sbi + scj + sdk

VAT S AR R SRTA SR T S Y, AR sq = gs.

3.1.4 MT#E

P9oe 2 A R SR Ik LR ik, el @ A E ST sy, Wat2 il — MG b
q1q2 # Q1. XA TEFAAFMXA]. NHE qiq2, ABAFATFUL Tq FE3ELA
qil, WERE qoqi, IFATHUL g GHREA qr. BR 7B ZAN, BATEH LR IIZE
B ECERAE PY TR N AT R LY.

2., MREWNETTE g1 = a+bi+cj+dk fl gy = e+ fi+gj+hk, BBLENIHIFE

18



9

q192 = (a + bi+cj+dk)(e+ fi+ gj+ hk)
= ae + afi+ agj + ahk+
bei + bfi® + bgij + bhik+
cej + cfji + cgj* + chjk+
dek + dfki+ dgkj + dhk*

AR ARG R BT IREL, (HRBATAT DARIE 2 = /2 = k2 = ijk = -1 X1
NERACE. @I AAIRATAT DUATE :

ijk = -1
iijk = —i (ZEX LRI 223 DA 1)
k= —i (ii = i = -1)
jk=i
[N
ijk = -1
ijkk = —k (FEX LRI A 3 DA 1)
—ij = -k
ij=k

A ij = k XA, AT ARSEHES
ij=k
ijj = kj (FAWNIL RN D j)

MIXBEATH O T LA ARRAL T, FOA jk # kj. &R0 AT
S, FATTAT DS HIX A — 3Rk :

19



X 1 i j k

1 i j k
i i -1 k —j
j j —k | -1 i
k k Jj —i -1

Kt /LA — DT R AR TH — PN ITRAIGRMAL TIX PN TTRITHIRIRL
AL, HEAnYE ji = —k. FHEREARICHIRS FIRERE IR SRR
MRS, BATRREE— R P BERAARIZE R :

q192 = ae + afi+ agj + ahk+
bei — bf + bgk — bhj+

cej —cfk —cg + chi+

dek +dfj—dgi—dh
=(ae—bf —cg—dh)+

(be +af —dg+ ch)i

(ce +df +ag - bh)j

(de —cf +bg+ah)k

3.1.5 R

A AE R, VYT 2 — NS, AR DK EE BRI
Fa W

S Q
|
S
o
—

9192 =

o
QL
Q
&

Q

_d—cb a|l|h]

R, XDEMEAT RSN TESR 1. KOWVITBAT &2, Frbiask
q1 FZBE—ARBER, &R A 2RI EESTE, XEREES

20



AR, FEIX N EFERTR R ZBFE T a5 g

a —b —c -d|[e]
|ba d —c||f
T = c —d a b|l|g
d ¢ -b a|l|h]

3.1.6 Graflmann 8

M2 FINEER, REHEE T — FRRPNE—T, WE—TF, BEREARELIU
(I XER
q192 = (ae — (bf + cg+ dh))+
(be + af +ch—dg)i
(ce + ag +df — bh)j

(de + ah + bg — cf)k

b f
IR, WRLv=|c|l.u=|g|, Ha
d h

v-u=bf+cg+dh
i j k
vXu=|b ¢ d
fgh
= (ch — bg)i — (bh — df)j + (bg — cf)k
MAESS RV IZARRE R T, WREAREREEFNEICRER, qiq FERA]
DA 118 ORI SR AYIE SRR Hisk - (LS4 8 7 52 O I R i OS2 11X B AR E
NENE

q1q2 = [ae = v -u, au + ev + v X u]

21



XA EE R Gramann R (GraBmann Product), —f%RKi:

Theorem 7: Grafimann fH

MERIUTTE g1 = [s,v], q2 = [t u], qiq: FIGRZ

q192 = [st —v-u, su+tv+vXxu]

WEBRARIERICIS Z RS 3D FEFSE AR AIEER, RNV IZEEREF B8 FEIX NMEHS
BN P TS R R Bk ZR IR S B
3.1.7 4hiP9cEk

FEHATEEAPDTERIT I 2/, BATEFEEZ R TPOCHRE X, WR—1
VUTTERE S AOX AR

v =1[0,v]

HBERATINFR o A— 1B 7538 (Pure Quaternion), B RS ok, R4yt
BUANHREEBHY 3D Mg dE, AT DUHERER) 3D s gy o, EAH,
WR— 3D [MEN v, BN, &E LRI o W EXN M4 T o = [o, v].

AT EE — MREZARE: RAEWNANAEPYTE 0 = [0,v],u = [0,u], AFA

vu=[0-v-u,0+vXu]

=[-v-u,vXu]
PAMEZ G ICT5 BRI B 2 R AU E#, HIX—RE s 1.

3.1.8 FFNIE

RPAPUTCHORANE ST A, BATE R AR NI TBHHRRS o £ 1. B
MARZ R FRERIEEE SO pgt BLH ¢ 'p, TFRENNGR —B2AFR.
Hep, ¢! 2 g B (Inverse), FRATTHLE:

qq_1 = q_lq =1 (q +0)

22



X E A :

(pa)q ' =plag ) =p-1=p
g ap)=(q 'gp=1-p=p
b, 7R q MUOBENGTE ¢, 7658 q MUOBER AT ¢, XA S REREIIPER
JEE AL,
TR, BETBBIUTEH I N q¢ = g lqg =1 19 ¢! BIFERMER, H
& SE bR _EFRATTA] DA A P TR HE Y — 25 M BURARTS g
RATESY, —NUTEH g = a+ bi+ ck +dj WEHEN ¢* = a—bi - ¢j - dk (" BAE
T star)). WISFTRRE PR REM IR SIIE, g = [s, v] BO3EHEH ¢ = [5,—v].
HHEPY T — DN EERE A MR -
qq” = [s,v] - [s, —v]
=[s* = v (=v),s(=V) + sv + v X (=V)]

=[s*+v-v,0] v FATT —v, FiAvx (-v)=0)
A DAER], XERANGRE—E, Ml
qq" = [s? +v-v,0]
=5’ +x° +y* +2°
= llqll?
j‘ﬂ (q*)* = [3, _(_V)] = [S, V] =q,
7q=()Nqg)
= llg*||®
=s*+x% +y° + 2
= llqll?
=qq"
FRAFRATS R, q*q = q¢*. X DRI TRTE BB SF A H Y.
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QUERAIRIEICTT Z TP TH0% B ST :

qq ' =1
9997 = ¢’ (ERPIBFEN AT ¢°)
@9q ' =9
lgll®-q7" = ¢ (q"q = llgII®)
T

RXMIMETE— NPT ERIE SRR &R, FATR T ER— DU g ik Ze
75, BRLVENEBEKIEEREXNUTTEIE T, @R g = 1, L2 ¢ 2—1
E(IM7TER (Unit Quaternion), ARA:

3.2 MiTtE5 3D ekt

A TSR, T TRAETFRAIT A S 3D B 2 FIRIXIE T

EUZ— FRATZ AT IS IINZ: ARBATARER— AR v I — M R
FFsE XIBERE w BERS 0 1, ABATRATAT BURHRANAL R v 575D W IE R THERAAIN v,
DU AT TR vy BRATTAT DAREXFIA A B SR TRERS, 105 v, v, ¥
EAVAIIBLE v B 2RISR v = v) + v,

Bl AT DA S iz SO AP TR

v =[0,v] v =10,V]
v = [Oa VJ_] 'Uj_ = [09 V,J_]
v = [0,vy] v = [0,v]]
u=[0,u]
A2 FRAT T RERS 2 -
v=v)+UL v =0+
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ke, TRAEX B TFEHE o, F1 o) KIS

3.2.1 o, WIGEsE

BATE TN IER FHedEmm o, A aESN, R —mE v, EXThEs
fhu, HA:

v = cos(0)vy + sin(0)(uxv,)

FATA] DR Z R R TI B v/, F1 v, B o) Moy, HE2HRAMDEE R T —1
uxv,. ¥iaig, FIAYTERIMER, BT LK E S P9 eBtifE . i1z ai
S, ERAEMDAPYITE v = [0,v], u = [0,u], HA vu=[-v-u vxu]. FLIHY,

uv, =[-u-vy, uxvy]
7':7VL Eﬁﬂ:u, ﬁﬁuu-vL =0, E 2

uv, = [0, uxv,]

=uXv,

FE, wo, FFEE— DAY BATERANGICCERL 7! X DEXLK
ZHIE CHAEPYTERARA, A T REIR TS :

v, = cos(f)v, + sin(0)(uv,)
Ko PU TSR ZRE T LR, FRATTA] DAARS AR #0X P EF T

v, = cos(f)v, + sin(0)(uv,)

= (cos(0) + sin(O)u)v,

PR Z AT DAFEER], WRIRATE (cos(0) + sin(O)u) BUE—NUTEL, FATEEER
TS YIS 7. Bt oy ik, BANTESRKeik 5 P TEmIRERRER 7.
B2 q = cos(0) + sin(Q)u, FAGEIFE:

/ —
v, =qu;
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MRBATREMIE T q, IATATHAETEBOX NERE 1. FATAT AN q 4RE0H1T22
f:
q = cos(0) + sin(0)u
= [cos(0), 0] + [0, sin(6)u]

= [cos(0), sin(O)u]

Uy
WRtR L, QRGeS u KRN |, |, TN 0, IRASERIX—Tefz T2
Uz

PYTCEL q AT DARIE Ny :
q = cos(0) + sin()uyi + sin(0)uy,j + sin(0)u_k

IXFEBATRTERR T o, BIhefe, Bl TAT AR 2] R XA e

Theorem 8: 3D /AN (PUcH, EXEM)

v, IER TR o N, BEFE 0 A2 G v, AT DA PYTER RIS, 2
v, =[0, vi], q=[cos(d), sin(@)u], HRA:

/ —_—
v, =quy

XAPYTTEL g HId s — M, AT AEEE:

ligll = vcos2(8) + (sin(f)u - sin(O)u)

= \/cosz(H) + sin?(0)(u - u)

= \Jeost(0) + sin’(O)([u]? (w-u=lull®)
= (Jcos2(0) + sin(0) (Jufl = 1)
=1 (=A1E%ED)

FTRA, BATHE HORIVIZ AN ¢ @ — APy, Bz aiifield, SR
TR U ORI AR 0 4 i S e R & IXAMEBTRT DR RIS T, MRy
lgll = 1, ERRIVEIFFAIKIRAERITHR, 22— aliefs.
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3.2.2 vy )33

B FORE AT T HEREHI o). TATZATIE, WR—AFR v BT o, T4
e RS T T I, kRt

Theorem 9: 3D HEFEAR (PITERCH, TR
vy FATTRERA u I, ek 0 f1 2 50 v) FIPDTEAAT IS

’r_
v =1

3.2.3 v HIREE
A TIXERTR, BATRES RS IR T o BIZER T

v =)+ 0]
=) +qu, (EH g = [cos(0), sin(O)u])
FATH IR AT MG CARTARFERF o) 1 o, 75F, RS0 TIE. HEXERIMAZEX A
i, EONBATE B kit —2 e,
{EdE— B 2 A, FRATFFEUER L9 (B

Lemma 1

R q = [cos(9), sin(@)u], TH v NHRfL[ARE, ABA ¢ = qq = [cos(20), sin(20)u].
Proof. XA G HIEARE R, RFEZEHH Gramann AR —L = A EE AT AT

g% = [cos(B), sin(O)u] - [cos(B), sin(6)u]
= [cos?(0) — (sin(0)u - sin(O)u), (cos(6) sin(6) + sin(6) cos(6))u + (sin(A)u x sin(0)u)]
= [cos?(0) — sin®(0)[ull?, 2'sin(6) cos(O)u + 0]
= [cos%(6) — sin®(6), 2sin(6) cos(H)u

= [cos(20), sin(20)u]
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HAGXA 5 [FERY T LAE g, QiRGEE Rl — Ml u BELRNER: 0 IR, AR
R HE R T HIR S u ek 20 J2.

A TIXGIH, FATHERENZ— ST R E X :
qq ' =1

BAE, BATTLRENE N AR e AT T 1

v =) +quy (g = [cos(0), sin(O)u])
=1-y,+quL
1 1
=pp” o) +ppus (% g=p*, Wp=lcos(50), sin(50)u])

FEXE, BATFIAN T —HHIETTEL p = [cos(30), sin(30)u]. FRIEHINIUERAAYS |2,
PATTAT CASRIE :

pp=p°
= [cos(2 - ~0), sin(2 - ~O)u]
= |COS 2 , SIN 2 u

= [cos(0), sin(f)u] = ¢

IREZBEBTERR], M q—F, lpll =1, p W2 PRV, HHEk:

REXPEERRAZHIHIFE A

o' = pp~ o) + ppo,

= pp' o) + ppu.

BABERERE— P RIX DN AT, (BAEGREL 2 AR TR A5 (B

Lemma 2

(53544 v = [0, v] a1 q = |a, pul, Hpu 2 —NHNM &,
0{,,3 eR. Eizﬁ]%ﬁ:?, ZZD% M X'Zﬁ‘—ﬂi u, ﬁK/A qu| = 919
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Proof X5 [FRAVIERAFAEFRELH 2 GraBmann #1. FAEHEEF 1L

LHS = qU”

= [a, pu] - [0, v]
=[0-pu- v, avj+0+ fuxv]

=[-pu- Vi 05V||] (V” AT T u, Fit DA Pu x U 0)
BRI EE AN GIL:

RHS = v)q
= [0, vy - [, Pu]
=[0- v - fu, 0+avy +v| x ful
= [=v) - pu, avy] (v FATT u, FrlAv)x fu=0)

=[-pu-v), avy] = LHS (R Y 22 H i)

NS AT

Lemma 3

B o, = [0, vi] B—MEEPUTEE, T = [a, pul, HH o R4 AR,
o f e R TEXFEMHT, Wk v, FXTu, B4 qo =ov.q

Proof. CHIIERRS Z BTHY 5 | BRFE 2240
LHS = qu,
= [a, pu] - [0, v.]

=[0-pu-vy, av, +0+ fuxv,]

:[07 aVJ_—I—ﬂuva_] (VJ_IE??U, ﬁﬁ[y\ﬁuVLZO)
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RHS =v,q"
=[0, v.] - [a, —pu]
=[0+v,-fu, 0+av, +v, x(—pu)]
= [0, avy + v, X (=pu)] (v, ERX T u, Fillv, - Bu=0)
=[0, avy = (=fu) x v,] (axb=-bxa)

=[0, av, + puxv, ]| =LHS

AE, FATEEEN i AR RGN ER T !
v’ = pp*u + ppu.
=pyyp” +puip’
=p(y + v )p”
TR, (v +v.) HERR o, AL,
v/ :pvp*

ok, AT 7 PUTECS 3D hekt Z MR, SR TZ AR o 1o pk
TP E, HEESHERASHFRAENES of Mo, 3D ZRHPERE—Dhetc
REMS FH = DUTHAESRRTE R RIR k. BRAM SR ATREHEITRK, HERE
MUSERARR R, FRATTAT USRS — A e B

Theorem 10: 3D FEE /A (PUcH, —IEH)

(ERAIE v G DR E AT BEEE A u ek 0 2 ERY v A] DAfE A PY Tk
KRG, L ov=10, vl, q=I[cos(30), sin(30)u], HBA:

v = quq" = quq”!

BATIEDL, WERBATE q = [cos(), sin(O)u], HIA v = qug* PTLLKE v & u gk 20
JE.
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BN AFIAEE A, E2EHANRICAEN. AURIRE T iR E RN & I,
TR E R eI IH 22 2 AR 27

v =quq" =qq Y +qquL =y + qva

XMREY, qug* XD, X o AT T Hef i o & o) LR Z#IE qq*, XM
MEERIH T, MEURRAER. AN TIER ThettMng s & o, WISLHEr 2 m
WA g = qq, FFEHER: @+ 0 = o .

SR b, EMAXES L —FEHSH |—Roclrigues’ Rotation Formula | 5E2E T HY.
GRARIRIESSEAYIE, A DARKIRIER FHEXDNEF, AT S 2 A RN (8
T UEBARTRES S| ax (bxc)=(a-c)b—(a-b)e XMAH):

quq* = [0, cos(0)v + (1 — cos(0))(u - v)u + sin(0)(u X v)]

AIRIX N FEARNEARTREB R ZIEH AL, (AR ERZA -, T %
=M, IR ERN 2RI eSS 2 7. ERIEIRER R 1 HE
A FE NI DA AT 4 2 45 U2 — N aliPU T L.

K0 i B e s DY e ) SRR AR U2 — DN A R AR 92 (E,  BORA — AT
q = [a,b], WRFNTEZIRBCRTA MR HIARE, LB IEZGE]:

0
5= cos !(a)

AR RIS hER R, AR ITRER b B —TUERER A sin(2) SEATRA T :

3 b

sin(cos™1(a))

3.3 3D hEdERViEMER

FESERRHI N A, BATRIRES TR ER e 5 Magoi T 24, FibAfRZE A2
TR R MEE . e R IRE S EEX D AR T R, BATZRIHEH,
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FEFe—NHTCEL q = a + bi + cj + dj FRT FHEIXMHERE:

—a -b —c —d-

b a —-d c
L(q) =

¢c d a b

_d —-c b a |

M5 g SF[A T IX R :

a -b - -d

b a d -—c
R(q) =

¢c —=d a b

d ¢ -b a

AL, AR AR XN AR o = qugt FRFERETER. KX a = cos(30),
b= sin(%@)ux, c= sin(%@)uy, d= sin(%@)uz, q=a+bi+cj+dk, FMTFEESZ]:

quq* = L(q)R(q")v (83 R(q")L(q)v, ENTZFNH)

—a -b —c —d- [ a b ¢ d
b a —-d c||-b a -d ¢ e o T
= v (FFE R(q*) = R(g)")
c d a -=-bl|-¢c d a -b

_d - b a__—d - b a |

—a2+b2+02+d2 ab—ab—-cd+cd ac+bd—ac—bd ad—bc+bc—ad-
ab—ab+cd—cd b*+a*—-d*-c* bc—ad—ad+bc bd+ac+bd+ac
ac—bd—ac+bd bc+ad+ad+bc >—d*°+a®>-b*> cd+cd—ab—ab

_ad+bc—bc—ad bd—ac+bd—ac cd+cd+ab+ab dz—cz—b2+a2_

F @ + b2+ +d = 1, AR TFHEAHN

1 0 0 0

0 1-2c®2-2d*> 2bc—2ad 2ac + 2bd

0 2bc+2ad 1-2b%*-2d*> 2cd—2ab

0 2bd - 2ac 2ab+2cd  1-2b* —2c%

quq” =
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XAEBA R E] T 3D hekcHREFFE . ROREFE RS INE AR o BATIE AL R,
PATTAT AR B i pk 3 x 3 JEFE (FA{E 3D MR A2 :

Theorem 11: 3D Je¥ A0 (FEREHY)
ERFE v G DR AL B E X ATBEFE A u ekt 0 fIE e v/ Al U RE R
FIERIKTT. 2 a=cos(30), b=sin(30)uy, c=sin(30)uy, d=sin(30)u,, IA:

1—-2c2-2d*> 2bc-2ad 2ac + 2bd
vV =| 2bc+2ad 1-2b*-2d*> 2¢cd-2ab |v
2bd — 2ac 2ab + 2cd 1 -2b%—2¢?

AR 3D e R Rl REA AN e 8o 5, i B E 2 020, (X
TRIMERDH, AT EGF I Z LY T HER A E A RN,
34 IEENES
FEIX—/NTE, FAPRIEBA— FEH MY ier 2ol PAE S 1. JefE &HL
ERNTZATUERA ¢ = [cos(20), sin(20)u] FIRHEELEEW KB — R T, H2XEEK]
ZIENZEE —RIE L.
BRIEEWNNRRITE N, ANEAERENETE 91, g0, FAEX v 1T ¢ 1Y
W, T g B HL, THRISE SRR 208?
BAIAGIRX R T, B, A0 q A, T2 J5HY o h:
v = qivq)
BETRR, X o #AT g, B9ZH, 155 07
V" = q20'q,
= 42910919,

BATTREXN XN HHATE S, FH—DFEM A

” *
U = (netVUqpet
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N TEH R XA, BAEFRZE 5 H:

Lemma 4

Xﬁff%ﬁ@fﬁ?& q1 = [3’ V]\ q2 = [t’ ll]:
9195 = (q2q1)"

Proof: T55RME S Z HIZURT T34

LHS = q;q;
= [Sv _V] ’ [t’ —U]
= [st = (=v) - (-u), s(-u) + t(=v) + (-v) X (-u)]

=[st—v-u,—su—tv+vXu]

RHS = (q2q1)"
= ([t, —u] - [s, =v])"
=[ts—u-v, tv+su+uxv]*
=[st—v-u, —su—tv—uXxv]

=[st—v-u,—su—tv+vXxu]=LHS

AL, FAlIRef 2

V" = G210G19;
= (q2q1)v(q2q1)"
BB, gt = qoqr.  TERPUTEHCRIERINE, FAVOBTIR ¢ 058,
AT qp B HE. XANERES MBI E SAERAEEL, #REMNG B,

BERAE, g 5 qo FFITHER qre FEAZIANIGE g1 M1 qo IR BERE HEATHY
MIRGER:. CIRIRE — N EHTR e M T — IR F e, XU A4S
A
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BABAHEW RN NN E &, HR2ERDIRES M2 E 2 Mk E S,
A B TIE R AT = he# g, B2

V" = q3(q291)v(q291)" q5

= (939291)v(q39291)"

EHIFN I Z gner = 439291-

3.5 WEES

VUTTS 3D HERHIKRRFF AR — R —/Y, [F—1 3D ek n] DA R ANR Y
TLHCRFER. IMEERBALPYTTEL ¢ = [cos(30), sin(20)u], ¢ 5 - REAZF—D
fiehe. QIR g FORKIRIHE R bl u ek 0 [E, TRz —q IRERHTRTEE T Y ekl
—u ¥4 (2m - 0) JEE:

—-q=[- COS(%Q), - sin(%@)u]
= [cos(r — %9), sin(r — %9)(—u)] (cos(r — @) = —cos(0), sin(;r — @) = sin(0))

FTRA, XA TCEBE RS I A B 2( — 30) = 27 — 0. W NEREIH AT AEF,
XA e 2 e 2 ITHY:

A

HS Y Te s AN L REHE S HAH R OS5 2R -

(—q)v(—9)" = (-1)’qvq* = qvq"

FRBA, BMNEFEWHRNAPYTTES 3D gk A —1 23 1 #S R (2-1 Surjective
Homomorphism) KA, EHAN VY TENEESE (Double Cover) T 3D figkk. BM
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FAASUER = B — LR ANR, HEMEXEALNERESEWEN 7. A
RIEXNBREEGRE S, FTDAMEXE AR 7. (R IRIESSERIE, BT LARIREHY
BB — L PR

RIS 25, Bl Ta] DL BB PY T BT N B — > 3D gk, s
W, —MHgEsafEEkmm (R s®) BER— R M AIYTTEL (gl = 1D #RX
& — 3D fighk, X—RREZETTIRHER EER N = 2.

A REEEENE, B8R q5 —q 2MDAFY e, E2H Thes R
IR S TECBM A EHR, EMIR e AR s AR, e R R
FAZ BB =5 1Y R 7.

3.6 R

TEV IR E B, FRATRIFERRLA TR 2D IR LT o = o0 IXFERHEEUY
. SEhR L, BT AT AR PUTCECR 3D hebs 5 SR 2.
RETFEEHIRN A, T8t A — RO AR, R v @ — P EoaAmE, A
LN TFEAIPYTTE uw = [0,u], A

"% = cos(0) + usin(0) = cos() + usin(h)

IXMHRBL, g = [cos(0), sin(0)u] AT MEFHFEEERTN 0. XANARIVIEH SR
NAMUEBRAERE R, BREHANERTMAIT. FEVERIERS RN Z
RKR, BRSHCWUERRAER SR, RIRESEBAYIE, rIAHRIREE TR —T.

FE, Hhu2—PEaMNAE, o’ =[-u-u0]=—|ul?=-1. X5RAARFR
FEAEE R,

A TIREFINRR T, BATRES R < ATV TR bR A S e T

Theorem 12: 3D Jef A (FEEAY)

R &R v ITE AR 2 A FERL I u Tef: 0 fE 2 5 R v AT DA A ot
BFEHERR. £ o =[0,v], u=[0,u], HiA

o _,0
v = e%2pe 2
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A TR EOE X, BATHAER E XTI E 2R 7. Bt BN
log, MAEREHAIVYITTEL g = [cos(0), sin(f)u]:

log(q) = log(e*?) = [0, u6]
E2 N SR VAU NE S e -
q' = (%) = "9 = [cos(t0), sin(t0)u]

A DVER], —MERAPLTTEE) ¢ REFE TR ER e A RN E « 5, HEAR
KRB (uw AU AR, FTPA—RARES t 458). REBRREZE
MEPYTTEEEENAER A M.

4 MiTERdEE

BT RAZHETERNR, BATSEREGITEIY eI {E (nterpolation) T. 5HE
e FORERARTE, PO E) — LM R 1L B IR E A S AR 5 A

BIZE RN HEEE L gy = [cos(By), sin(fy)ug] Al g1 = [cos(6y), sin(6))u,], FRIFHEE
KH—LEer R 2R g, IERIIEER IR g0 RERS I I8 B B X 28 it ¢, ¢+ BIBUE AT DA
Ete[0,1]. Ht=0N q FFRTHGHEE q0, Mit=1N q FRTREZHq.

BT HENNZ 2R NTR, BRIk EEIEFE R, BAIATREL 3D ZEFH
ERE—NAR v. B4 g0 2K v BHE] vy = qovg), T g 2¥ 0 BHE] v, = q1oq".
BMFEERHEHRIAE o, = qoq; TN g, o le%E] oo 5 o FRIFEAD
,fﬁﬁ Ut:
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RATATDVES], X BEREHITE (LB LI RIAOIE — MERE. T g 251001 o,
TR — 5 HERE 8] o, X ANFEREIIA S MEE IR u,, TRl BB 0K
NSRBI § RAETS A SHRERI I T

M2, BERIRER, BAT/ELHX ML RIE? RATRG%E— R
LA Aq REKFEEHERE S op (IR o FIRERINE] o, XTI — e IE B,
AT g0 250, FIHET Aq 5H, TNTE SIS RETST q B, HHER:

Aqqo = q1

Aqqoqy" = q195 "

Ag = qiq;"
R 9PR A BIES: g BB P9oTE, ' = ¢f, EXAIAE
Aq = q1q;

GRERBATINS Aq Bt IRTT, (Aq)' MRRELEIOX MHEREFTAN LAY 1. FrBA, AT
REFS Hd{ERT A3

q: = Slerp(qo, q15t) = (qqu;)tCIo

AT AR IR, Y ¢ = 0B, g; = (q195)°q0 = qo; T2 ¢ = I, ¢4 = (914%)"q0 = 91(q90) = G-
NS ¢ ylEE, PRt = 0.4 N, g = (q1g)) 4q0, BERIEHT qo K o B HRE]
vy, FETEMCEA BIA] o TEFE 40%.

XA BN W HAREN I RETLY, E2ENHTEANMEY KB Z T
ik, mEEESFEE, ELRNAHPIRCRIRA, FRAOTAERHE — D &SROothE
(EVaRrS

BATEIX N RE T B TSlerp), HERIMTENASBBEEAERZTLAER, XN
THRERNIEFTENR— T 3D AT 5T 4D M2 23 E 2 ER LA,

38



4.1 3D ZEINEERTWE vs. E7TEL 4D MET(EKH

NTHRIIXDRER, BAPRERHHRE—F Aq. BHITRXPDREBMAEER, FINH
TRERID Ag BISEERRLAT PA T

Aq = q19,
= [cos(6;), sin(6;)u;][cos(6y), — sin(Gy)ug]

= [cos(6p) cos(0;) — (sin(6;)uy) - (- sin(Gy)uy), ... ]

= [cos(6y) cos(6) + (sin(O;)uy) - (sin(6p)uy), ... |

WK qo T q B NUYE M E, FRATERM, IFFEITTERE, Aq FSEHELT
% q0 % q1 /ﬁjﬁﬁgéjn:% qo ql!

KN q0 5 q1 BRREBAIVUTCEL, qo - ¢ IEAFZIXMMPUTTEAE 4D 22 R H R A RIRT
{H, FATREIZNRAFEN 6. BB2 qo - g1 = cos(6).

BAITXHINE, Aq ZnmIZ— ke, minReEREBITEEIAEZ 29, A Aq
HISEEG N Aq = [cos(), ... ].

FITEA,

Aq = [cos(¢), ...] =[cos(B), ...]

cos(¢p) = cos(0)
RN ¢ F1 0 #ZKAM, ¢,0 € [0, 7], FTLAX NG MHE—RIfR:
p=20

RXWHURW, q0 5 q ENARLE 4D PUTEERIRHIRA 0, IE4F2 el ek
B Ag TR IEE R MR, B 2¢ = 20. ATLA, FATTAT AE R AR R TT
RS TSR LI

N7 EENHBEIXZRR, EE NEIXMIEE. SRV TECRAE T PU4E2s R 2 A
1, ERENZAAEWNNYITE, BAT] R ENTSE s — > 24y Bk, et A
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&l GEINE 3D z2 R WA A B e s s :

A DEE], Y q 5 qo ZBBFEMAN 6 B, FeE B EIETZ 20. WRBAER
FE—NERAVYTTEL g, HSES q KA 0, 5 q IFEMAN (1-1)0, IBLFAN
SLRELRIEAE 3D =S EIH, BN T q0 FTER LR 2t0, HHNT q FhEF R
H2(1 - 1)6.

PRATE, PO R P ST A AR E R ERA TR Ao T — & | LS 2 B ERmm iy — &6
53) WA MENEE, FRIMTEERERMENREATSN T THE. %
K, BATHRITICA0AD PR ) o T4 (.

5 Lerp, Nlerp, Slerp

ANERMAMEETTTE, BATERRERHHEIAR v, 5APIGERE vo FIR&RIE v Y
LMHE, Rt

v = avy + fvy

Hrb, R a5 pARE t EEL ARAHEET IR MAE AR REmE.

5.1 Lerp

BATESRE — P AR E R A A — R et HR{E (Linear Interpolation),
R TLerp ). Lerp RIE —SRALIBHATIRE, AR vo I vi BICZ=MEHIM D
i, W2 v RAGM=MILHE =538:
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Vi

Vi

Vo
0]

MEFRTLES], BATRER v, FHAMADARM (AR . Hh—rEE
2 vo, MH—PNARNE (v —vo) T E—DRE, BATERN ¢ XN RE, FrbA:

v = Lerp(vo, vi, t) = v + t(v1 = V)
= (1 - t)Vo +tvy

HBer=0lf, v,=1-0Wvo+0vy=vy; Ht=1H, v,=1-1)vo+1-v; =v;. XIE
A FRENEER.
WIEKE Lerp USSR FHEIBANIPYTEL E, BATLREIS 2
q: = Lerp(qo, q1,t) = (1 = t)qo + tqy

S, FOABATREE — 4 EZ (WHRE LR —152) EATHRER, IXFAHHESD
RV TEROF AR BT

q1

W

5.2 Nlerp

BRI EH R g FAZ BAIPUTE, (BRZR g BREVERIRRK |q,|| #EREDS
R — ALY TR T
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51

s

9o

BAPRXA IS I ERATIR(E, AT IENE (Normalization) HYFER{EL/T IANK N IERL
L& 4IEE (Normalized Linear Interpolation), & [NlerpJ. 5 Lerp AN, Nlerp HJ
WA ELAUR AL E, SNHREHSRISERAZEInMEZRE.
T} A1) 2 [F] BRI P TR Y Nlerp 23
(1—=t)vg + tvy
(1 = )vo + tvi|

(1 — t)q() + tql
1(1 = t)go + tq:|l

vy = Nlerp(vy, vy, t) =

q: = Nlerp(qo, q1,t) =

W

Nlerp H{EVIAFER —E WM, HTEHERGIHECRN, v, WARESA R
HHIZAL. AR DKRE M7

t=0.75 t=0.50

t =0.25

vg, 1 =0

XA t BN IF5Z 2 E R T P9 N ERsy. BARZ FRIPUER ZEKA, (HZPY4)
BT EAHER. t=0%Ft=0.25 ZAMIN (L) AR+ = 0.25 8] ¢ = 0.50 [
gl (Ffa) 2 TR,

42



XY, ERISFRRIN, v, SASRIAER AR, v, SIS HEE (505 A IS
) B AW, 2t = 0.50 ZJFRITIRIOE, FTLA Nlerp fR{EARELRIELT )
I FIRE.

5.3 Slerp

N T RO AR, FRATAT DL T M B EATER MR, 2 i, 05R v, Fl v,
Z IR 0, B

0, =(1—1)-0+1t0=10

KX 2k M i (E B R R Lk A R AE BRI B — Dol EERe, Fr DA FRIKE £ 1%
¥H{E ( Spherical Linear Interpolation), B [Slerp]. ZEILT Lerp /& F 1 L HYLEPETH(HE,
Slerp 2 BRI _ERYEM(E. ] E—FIHEHIPITEERE A IER — DA YT e
PugE ek _ERhER:, FrPAESZ Slerp BI— P AT

EEATIFEEY KEEMRAR, BAOHER v 58 v Ml vy FIEMAS:

vy = avy + fv; (1)

ERIXEE vo M vy 2R, O T REIXEAR o § g, BAIFHZEIHER
KAk — 2R

\4!

Vi

Aew |,

RO E I R BRZ I AR, FRATTATBAYERS (1) BIPIA RIS s v :

Vo - Vi = Vo - (avg + fvy)

vo - Ve = a(vg - vo) + B(vo - vy)
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BATRBE, vo M v, ZIHHIRARE 10, vo SEHSZRIKRMAN 0, vo Fl vy ZIAIHY
KfE 0, mEENARARZANAE, bl

cos(t0) = a + f cos(0) (2)

[FIEL, AR (1) WRILFEN S5E vy, BES IR

vy vy = vy - (avg + fvy)
Vi vy =a(vy - vo) + B(vy - vyp)

cos((1 —¢)0) = acos(0) + f (3)

WAE, BATAE TN DRI, BOTAFER Q) . 3) WM,
KH o #1 B BLREFRTS Slerp HFIART .
H (2) FATRETS 2

a = cos(tf) — f cos(0) 4)
B @) KA ), FAH—E=mEEX, TAIEMRL p:

cos((1 —t)0) = (cos(t0) — B cos(0)) cos(0) +
cos((1 — 1)8) = cos(t0) cos(d) — B cos*(6) + B

B(1 — cos*(0)) = cos((1 — 1)) — cos(th) cos()
cos(0 — t0) — cos(t0) cos(0)

p =

sin?(t)
_ cos(0) cos(t0) + sin(0) sin(t6) — cos(t0) cos(6)
p= sin?(0)
_ sin(0) sin(t0)
b= sin(6)
sin(t0)
b= sin(6)
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BEBRMMEE T g, K g RN @) #LREM T o

sin(t0)
sin(6)
cos(t0) sin(0) — sin(t0) cos(0)
sin(6)
_ sin((1-1)0)
~ sin(0)

R o ®1 g AXIE] (1), FATATLARENAIERY Slerp HIAT:

a = cos(tf) — ( ) cos(6)

sin((1 — t)0) sin(t0)
sin(0) Vot sin(0) Vi

vy = Slerp(vo, vy, t) =

K, BFATHEVUTTEHEI Slerp A3

i _sin(1-0)8) _ sin(t6)
q: = Slerp(qo, g1, 1) = sin(0) P+ sin(0) o

q0 5 q ZIAIEYRA 0 FTDAERZ M BN AR RS H, B

0 = cos_l(qo “q1)

XESFHN AR EZAMAREREN ARNEGUR S, HREHRE LI =1=
MRS — N =R HsR, FrPOEZ R Nlerp 28— 1. WIRZEHER A
JEHEUINIUTE, Nlerp HSHN T Slerp RUIRZEFFIR B I LK. N TIREIER, T4
2] Nlerp SRAES Slerp. FATHEEA —LEEE 70T (Numerical Analysis) AY77 75K
ARG PYTTEHY Slerp.  YRAT PATE — 22 & 5 [BEHT RS 1R8] — L2651 7.

BR T RCR A 5h, FATESLIR Slerp N EER, AR EAMPITEZ RIFIR A 6 F
/N, B2 sin(9) ATREZS BT RUEHVIRZ AL N 0.0, T FEEREL 0 HIFETR. Fr
PA, BATHESCHE Slerp Z AT, FTEARENNMUTTHAIKAZ G/ (B ZEE2MR).
— B BIXRRAE, BATHA L Nlerp X NUTCEOHATIA(E, XMW Nlerp HY
REAER /DT IR A Z S EIER] Slerp HHA X1,

5.4 NUSE ST R

WRIRIEILRR, WADAFERERAIYITTE ¢ 5 —g X NMATESSR R — Mk, XM
MERARSKBATIREE K — 0. B ¢ 5 —q MR RN RAICRE 2
R, ER2ENENREHEZE T » JE:
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q1
S %

‘
' _ql

A DVEE], BATMNBEWRR g FIETEERE ¢ (REHT, HIXZK 3D ZHHH
AR HERL R 360°, TSEPR EIXMDNIERMHZEH AR 242, ©HH AR 3D ZHHFHY
SRS (Geodesic). THUNRIATR g MIGREEFNMH —q1 ELERID, E
Hheie R Bl X HLIRES] g Z/IMRZS, FrLA g f{EE] —q, A R MER REREE.

XS RRAT, EXNRD AP T TREZ A, BONFELREN g0 5 ¢ Z
AR SR, RIS RRRER g0 - ¢ RENREL TR q0-q1 <0, LT
TS AP — YT, LRANRE g B8O —q1, FFEEM g0 5 —qu ZIRHTHIR A
KIEATHME, XA REPRIE A E R B AL 2 AR R Y.

6 Squad

Slerp HSASRAFE—EHI M. KON IRATTEXS i A TERMERE, heft i MmidE
BEOREEN, BENERSFMA 0 BUEN (L = 4:0) = 0, HERBRAHIER).
GUERFRATFTRZN Z NPT O THE, N XVUTEUER Slerp FH{E S IRREW IRIE
PN PY TR TR AR R [ e Y, E 2 AR IR 2 A DB A7 (B A VY e 25 2R
R, BEBAEYIHRART S, ERUNBATE qo. g1 g2 = NPICRFTHREIFA, 1R
DAY qoqie qugqe TEM Slerp HfEH, AL qr = qi I, ABEIRAKE, XA R
HAZBATAENGR. T HEE DB E AR E N, IEREREZA
PUBESY, THIEERN S22 S SECRESR (HZ0ESTARN C0 EEE,
IR~ SEOESLA % C1 3SR, FEIA EIRE] Rk SECESIMMY C? Es:, DAL
RHE).

FROOXA IR IEARZ, M EREREIRZ e, HEF -MEEEZES
B AR LB, TEH e — AR L& @) Slerp B Nlerp Z1815%2. K
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ITHEIX B X s/ 28 B B L2 T HLAR 2 B B AY IKTE P9 3B A2 46 1B (Spherical and
quadrangle), B{# [SquadJ. ‘B Ken Shoemake fE 1987 FE4EH (X Paper LA
7).

Squad 5782 _E M E iR EATAE SRR, P AR ISR E RS )
REMRAEE. THANNE I RESTRE L Bézier HHZRDASAEFZAVRTE RN, (HRD
EURAFNER A RER, FSTE N fA S — T IX LR,

RIEENTE =N RFEY v, ve, ..., v, WRBATESZXNFHATHIE, A
BATAI AGT BN g — X A& v A iy BEATHEE, A RARERNIIZOERER, thist
SRS (Spline). WRBERZMEA Lerp MUiE, HMSFENIXFEMER (BRI
BATHA AR T EREH vo, vi, v2, V3, V)

V3

Vi
V4

Vo
V3

R, X BRARRIESR, HEEN—MSH (UL EUHumER RN
ANBES. N T RROGXAN AR, Bl T AU Bézier HhZk. FATT—IT4RHIAH
TRATRER TR TRIAIAY vy, v, v MENIRMHIR, BEREEH — YR Bézier ik (KVE L
MR SREBGXMEM L. B2 Bézier A R VNIER G RA R GlifH), —
A ZEE P RIRERR GEED, FrLOXFERHE SRRV Z B AR ] SRy, (H2H(E
HZ A ZE HPRIEY = A&
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6.1 =R Bézier %%

N T RROUX AR, FRATAT Py BN BNl & v; F vip Z RS Bézier HiZit
1THE, e aERthZ (R ERER. ROVRATFRELLZ—k S8 (3L
B S) B8, BATEFREMEENINET—NAR vio, FE—NMAE vy,
HH A EATAR N s; FT sp SRISHIZRAGES . BATSMEH v 8 vi 7EH
s (ME&RSELIZMAD D, s M s EAHRRIAERRIA, S — =R Bézier i
£ (Cubic Bézier Curve, PHPEL) SRIUTAPIX AN ] & 2 B A {EL

FEFATHIB b, FOABAT—HEGENHE (vovie vives vavss vave), FRATEE
FAPIAN =R Bézier BREA X A ROFATHIE. FRATANE, AT =R Bézier BHZFT =4
IRES%, SRARE AR IIREMZIAE] O JELL, NIFTEILRT— MESRLE v; A
5 M HIFESRAE v BRSBTS N ERAE v, A DTS SR -

V2
\4!
V4

Vo \£

fE BT, T @RI E A v, AAAOVIER, LD AR =R Béer
AT, AT USRS RIT. X TR vo 7l ve, RATEBROXFA
FRIGEEEEOTE A S GORRME 0k, (XRERATR), REEE—A
SR,

175 A 2 B A B TR RBERTE =, 381D A 9 R (R 7715, (H
T RIBA T T ARATRIXE — N =20 Bécier HHZ.

6.2 de Casteljau BJE

Bézier RIZRHIATIE A 1 E A AIBITBIEIUMN de Casteljau B & (de Casteljau’s Algorithm),
EAMERIRTTHY Bézier BIZHT R RAZAY, (HRIXBEIATHRE=1IR Bézier HILLAIIH VL.

XANFIRREAR N BRI RBENRE. BRBATEEN AR vo, vi, va, vs, A
L FATTAT DOX A FRIG B LA =R Bézier Hh£k:
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Boo, BAIDSE—XAE vovi, vivaey vovs BITEMERRE, /19 vors vies vas:

Vo1 = Lerp(vo, vi;t)
viz = Lerp(vy, va; t)

Vo3 = Lerp(vz, V3; t)

ZE, ﬁﬂ]X{l‘ Vo1V12 ﬂ] Vi12Vo3 ﬁﬁﬁﬁiiﬁﬁ?ﬁﬁﬁﬁ, ékj(k?%l‘ Vo12 *H V123-

Vo2 = Lerp(vor, vig; t)

Vizs = Lerp(viz, vas;t)

HE'iE, Xj‘ V12 ﬂ] V123 I&T—J‘@% I&ﬁfﬁff? V0123, IZ/\mE‘?jEE&ﬂ]z@%E/J \/ %,
‘Bl =X Bézier HHZk AL

Vo123 = Lerp(Voiz, Vi23; t)

BRI RRECRIRED, ER2BATT DS —skERERE (R =04):

A4t

AILUVER], BARTA—BEEMHEMAE, REIRF[HIAE — 5 =R Bézier HIZL
CRERIZR).

EEIXEE TS IFER, FRATIEES R =R Bézier BIZRAYIEIT AT, FOMIXF
?XJ&T, K Lerp(Vi, Vit1st) EESPL) L(vi, vigq5 £):

Bézier(vo, v1, v, V35 t) = L(L(L(vo, V15 t), L(V1, Vo5 t); £), L(L(V1, Vo5 £), L(V2, V35 £); 1); )
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QIR Lerp IRESL Lerp(vi, vivas t) = (1= t)v; + tviyy ABHRAIFEITHIIE, FeflT8E
PRIGIXFE— T

Bézier(vo, Vi, Vo, v3; 1) = (1 — £)3vo + 3(1 — £)%tvy + 3(1 — t)t2vy + 2vs

R R ST OB 3, FFATRATTHE N =R Bézier L.
TATAT DA BT A SOB FI BP0 e R b, 19500 7B BRI Bézier HIZRAA K,
(LR A BRI R 2 Lerp 42 Slerp, Bl THESATPHTAG Lerp 2 EHUR
Slerp (RATDAES — F, PO BRI B (R — RS (Mesh), 2 JEHX
ANFURSIEERRTE 1), RN ARAK, TREWE Slerp(gr givns ) BIFH S(gi, givss )

SBézier(qo, q1, 92, q35 ) = S(S(S(qo, q15 1), S(q1, q2; t); 1), S(S(q1, 2 1), S(q2. g3 )5 1); 1)

IXANHS /2 Ken Shoemake 7E 1985 fERYHRS Paper HIZ HAHMETT 1%, AR AL
THEHIRE A R, RIABIRXNTIREERKERT. U2 Slerp ML ZE(H
AN =MAEE, MEATXE—HG 7D Slerp, WMREMZELH EHATHHE SN
REF= A2 AR KRR,

6.3 Squad

T7Z, Shoemake 7£ 1987 2 H T — N EEAAPLLIRIE, W@ TAT BRI Squad.

BATE SR E IR EES. FRIEHE R Squad FIEMM Quad, R
"Quadrangle, Quad HIRZEIX, MHBIHEZEZIFINX LM, HEN 7 RE#EX
R X AERR I E N,

5 =R Bézier IERIRE T =B —UGHEAF, Quad #HIHYZE—E ZUGHERE 1
—E IR

BATE TSR AN vovs Fl vivy EATHEE, R1F vos Fl via:

Vo3 = Lerp(vo, v3;t)

vip = Lerp(vy, va;t)
ZJG, BAMER 2t(1 —t) ASE, I vos Tl v AT ZIRAEME, RIS vosre:
Vo312 = Lerp(vos, vig; 2t(1 — 1))
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FERRAN Lerp EAMNZE02 IR 20(1 - 1), ARBATT—MAERN ¢, 1 H e
ERIR N AR T vos Bl vip. AR RT DABERTE Aok E (Bt =0.4):

A4t

Vi2
e V2
|
Vo312 |
V3
Vo Vo3

FIRE, FATAT DA Quad B I
Quad(vy, v1, Vs, vs; t) = Lerp(Lerp(vy, vs; t), Lerp(vy, va; t); 2¢(1 — t))

ATLAER, IXFEREZ LE=IR Bézier IER B BAIRZ, LR Lerp /D E] T =IX.
BIRRAZHIHI LS =K Bézier I 2R, HEELMRTM 7. FATAIBEILD
XfEb. NEH, B3R =R Bézier 12k, 112 Quad Hik:

Vi

A4t
) \
Vo Vo
V3 V3
V3 V3
Vi Vi
Vo A\

Vo Vo

WIERHAF Lerp BIE X Lerp(vi, vizi; t) = (1 — t)v; + tviyy RABIHNRAIE, FAT6E

51



FEXFER A
Quad (v, vi, vy, vait) = (2t2 — 2t + 1)(1 — t)vo + 2(1 — )*tvy + 2(1 — )t>vy + (212 — 2t + 1)v3

e — " =kiithsk, AN REEARE.
WIERFATR Quad HYEIT AU TEKTH, BUREIS2IPYITERY Squad:
Squad(qo. g1 g2, g3; t) = Slerp(Slerp(qo, gs; t), Slerp(qu, qa; £); 2t(1 — 1))
FATTHIE Slerp(qi, giris 1) = (qiq)) qi, FRPATRATAT PURF Squad 5 plAa#E 3K
Squad(qo, 1, 42, 43 ) = (Slerp(qu, q2; )(Slerp(qo, g3; ))")* "~ Slerp(qo, gs; 1)

RN F2XF Squad FIZHTARH A H.

6.4 Squad FZFH

IR, BATRBARZRVIN TS, X2 NP TBOHTHE. RBITE -1
PUTTEFA qo, g1, - - - qny BAITREN B XIVYTCEL ¢ M gir BBEEH Squad BEATHAE,
FTAFA 14 -

Squad(qi, si, si+1, qi+1; t) = Slerp(Slerp(qi, qi+1; ), Slerp(si, siz1;1); 2t(1 — t))

BITE, B TORM AL R R IR A s Rl sy 7. 2T Bézier BIZRIIFES,
AR RETER— MUTEE iy D givo MITEEL

s IOHESHE R R 2400, R RIEANEAIER AN : 1k Squad FEVIHLATTS,
AN C1 e, ARV, A qiorq, WERAE £ = 1 ORISR, 5 qigien
FERTEE ¢ = 0 AbAT SO

Squad’(qi-1, si-1, Si» ¢i3 1) = Squad’(qi, Si, Si+1» i+150)

RBATEEMIX BYRSHES P RAVE, #FRZEHRIRAPY T SHAE X (e
q = [cos(0), sin(O)u] = e*? FR), HRFNIX—IW LKERZ UL, BIFRAEHT
M. FTDEIX BRSBIEIEHIA s S, WERIRBOGEBITE, VRA] AZIREH
SE TR HE SRR AT IERA.
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AARALIOXA BT FRIIE, SRS (B emFEmME0):

log(q;qi—1) + log(q; gi+1)
4

Si = qi exXp| —

TR, M Bézier HIZRAURESARIRYR, XY s X qim1q; THIEN XN giqi0 FMEH
AR FEIRY, AMEZ AR T YIZHT PR A F TR A

SWATUTTECZ RIFFEE—F, Squad FIFEEZEINEBHAEMN. BAMEHHEH
IR EL A, FeZoeierh— Yook, Heanii ¢, il HeE="11om
Z AR A, AR REA BN, RHRER SR ).

7 KMIMEZ. SFEBZHIUARIGRR

GUERPRRE—ELIRBIBIAE, ABZMRRIZX YIRS 3D HekkHIo< R PANAE B 1 b
B —ERERN TIET. A, SVOTBReE R B ERZRZ. T aElk
RERZBEIXETE, F1X—FH, RIESHSHERER, JEH Rl —
e, FFR M —Sh R L.

7.1 ZE=E¥
7.1.1 4$5BRIERE¥

FFFRIERZE¥ (Special Orthogonal Group) HSLIICHIZ ek B —MAIIG DL, WRIRIT
AV TAUTHIAY 2D M1 3D JEdedErE, REEREIENEE —EILFRARFE.

B, ENTERZIERZ R (Orthogonal Matrix), gz i FEFFAYSI A1 & BAHIERS, 1M
HRZ A, WRBNTE LM O, R4 00T = 0T0 =1, MHIERMEMESIER
FEFERSRRA AR — MBS ERE, B R R AR = PR RF A R AR (L Ak
BRA), XIERIEERIREZ —.

IERFERERIAT A RTREAE W ME, 25l 1 M1 -1 (FRATAT PG 2] (det Q)(det Q) =
det] = (detQ)? = 1). ZHITHIMEN —1 I, BB MEHENOE, RO
. METHIERN 1 i, ExRRAENANAE, FDMEZess. iR
TRESEBHIE, fRA] AR =M 1E5E 20K — T3] 2D #1 3D JefERFRITTAI, IR
IRl E TIEE.
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BATRATHIZMEDY 1 1Y 2 x 2 IERRFEFEEAERE R TR (B E &) TIERRBIZREI ks
TRIEAZHE SO(2) (SO IS Special Orthogonal), ‘B HLFEFTE N 2D jEkk. [FHE, SO(3)
IXANEEEFERTA Y 3D hiEkk.

7.1.2 YFTKEEEE

Y5%R B8 (Special Unitary Group) JE[FIMYTEAIPUTCEAH— D8, WRIRIEICTS,
PATZATHES T PUCEEI A R R, IX BT YT SR b -

a -b |- —-d -
b a d -—c
Q =
c —d a b
_d c -b a ]

ReRX R 5, BATATLAUZ I, REAEE DT HEEHRRR T - MEK

-b
(a+bi= ¢
b

a

‘ ). AERBATRAX AN ERE S N EEE MRS, LRETS 21

B a+bi —c+di
c+di a-bi

WRBHNEX a =a+bi, f=c+di, L

a —p
B @

MVUTTE q = a + bi + ¢j + dk = — D EALPUTTENN, XDMERFEAEWMER. Bk,
B MM (Unitary Matrix) . QI5RE— MR U, Bl @ XFERPER:

Q:

UU*=UU =1
Hrb U faR 2SI B, B/ BRSO RBULE, TR E.

PEREFEA TR RTRER 1 863 —1, EXTHAPYICE, detQ = [|ql1* = 1.

BATRATHITUE Y 1 19 2 x 2 PRERELERERE SR T E A S RE SR IR PS BE SU(2)
(SU #5052 Special Unitary), & [RIAT A Y54 P9 TEK.
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Tl —E I e B AI MY TE S 3D Edk 2 MR R RH SR TE TR SU2) —
SO(3) IXPMEEFZ.

7.1.3 BEREMRIBRFAIR

Khr b, BAT—EEITIERINEY KEIRRZA XM DEE, RIREMN R AR
RN PR AN YT RO ERs, T AR B BR John Stillwell fY INaive Lie Theoryl .

B 725k, tHA[BAZEFE Alistair Savage FYF S Tntroduction to Lie Groups] , B A]
DATE R L 5 2R 3R B

Qiaochu Yuan fFEMAYIER EHE 7R TIUITE. SO3). SU(2) BUIEX:

* 5O(3) and SU(2)
* SU(2) and the quaternions
* 'The quaternions and Lie algebras I

* 'The quaternions and Lie algebras II

7.2 JL{AHEER (Clifford 1X£%)

PATeECS TR RER (Geometric Algebra) Z IAIEAER HERIER. BT UARECR
—PNERIMAR, BAMEXEICTEEERS — D . AERIRA I ER 7 N %
B, A DARE T 2 R RS — e B R0, X EBMA b E ST
Z AR AR,

FEILAARE, BATE T TAIRATTUATR  (Geometric Produce) . SHERFATH M
AR u My, ARAENH LA

uv=u-v+uAv

Hrf, u-v ZAEAR, BHERNEFEURNAR, oAy GEF Tuwedge vl)
N2 BRI (Exterior Product) . MRS =4 & B XARIRIEM, (ERIMATE(E
BAEEARAEXN. HH, vAvHERAR-IMEEBENAE, B2 1"EME
(Bivector). TATARTEM TR IC S, X AR FR ZERE B =4k A & A S —FF
RE AN SC— P LA K — e e B 75 170
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https://www.springer.com/us/book/9780387782140
http://alistairsavage.ca/mat4144/notes/MAT4144-5158-LieGroups.pdf
https://qchu.wordpress.com/2011/02/05/so3-and-su2/
https://qchu.wordpress.com/2011/02/12/su2-and-the-quaternions/
https://qchu.wordpress.com/2011/02/26/the-quaternions-and-lie-algebras-i/
https://qchu.wordpress.com/2011/06/14/the-quaternions-and-lie-algebras-ii/

BAHEPY TR IE BT — DN EE RO A, WRBATE DAY TE u = [0, ],
v=1[0,v], ABAL:

uwvo=[-u-v, uXv]l]=—-u-v+uxv

PRT RIRNAREE TIMTE, HEREARTELMHE.

TEJUAREH, et 2R TR RSN E T — el ) X—EHRE XN, XNE
FRHSEAT DA FRATT 0 SR IE R R P R B, FRATTHNE, T A HE fE S 2 AT
FXAER -1 BIERFERE, WRBATE NN 5T ARl B, HBZ detA = detB = -1,
FATE det(AB) = (det A)(det B) = (1) = 1, FFH AB [AIFERZIERHERE, AL AB &2 —
MiE#.

GREARBANF R v RO 2IPmE (BE @I NSS4, mHEITE —MER
T N BRI E n, ARATATA] DOEE T LAARE 75 R v:

v/ = —nvn
WMRFBA TP KX A s T EEE M (R A E m EX) 55—, A4

v/ = —m(-nvn)m

= (mn)v(nm)
EIXHE, BATENY R=mn, DIRERNHEYER = nm, AFLA:
v/ = RvR'

XS R AN VT BRI BERAR R KL Britbzsh, A TrT IR 15 H
TEFHIEE R, GRBATE — P A &

nAm

sin(g)
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Hrp 82 n flm BRA, A4 NHEIX NS v 76D B & S HER: -1 e
0 J:
v = e Biveb?

BATRABEP P AR LIREE e, ERIXEZ et EhmE . BAEXE
TS ZE— BRI AR hE R . BeR (U OUE — MEE T —4E = 4E AR ik
TR0 (RN IR S P AR ARSS) , AR T EIP4E=s A, BATH 4 DER
AR (5) = 6 MEZFHE, TATHSHE CEILT “4Em=24Em) hekte XE—1
Pz BT

721 BEBEMRIBRFAIR

BATIZER TUAMAREHI A 2R MRS, QSRR B 1 i 58 22 50T LA AR,
A PAZ 15 Chris Doran #1 Anthony Lasenby AT A4S T'Geometric Algebra for Physicists] .
IXARAFICHSH Lecture RIS

WRIRBAFIXAF KK T, ATPORET L Jaap Suter 5HY F'Geometric Algebra PrimerJ .

Mathoma 7£ YouTube b — N LAIMEHIMIRBRE RS, BRVIRFEERH, R
ARRE, ERMPHRAERIEGSE. EArINE LRt eT DALY T8 i
.

7.3 Z“EMTEK

T EERIPYTERCZ S, TUMREC ISR ok T — ZEPI5E (Dual Quater
nion). CAMNAEIET 3D ek, EREWFIR TR, DA YR T
s,

— EPGERARERT AT g = a+ bi+ o) + dk, {05 WBRPEHRRIGR, KB
RS 0,b,c,d HRFERIA, CNHOXERZEH (Dual Number)., — M4 2
AT A XN

z=a+be (€2=0, € #0)
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http://www.mrao.cam.ac.uk/~cjld1/pages/book.htm
http://geometry.mrao.cam.ac.uk/2016/10/geometric-algebra-2016/
http://www.jaapsuter.com/geometric-algebra.pdf
https://www.youtube.com/watch?v=PNlgMPzj-7Q&list=PLpzmRsG7u_gqaTo_vEseQ7U8KFvtiJY4K

AL, FATIER] DARE— D Y5
q=r+de (r,deH)
Hrp) r B2 EPYOTHAYEES, d 2D ZHEPUITHAYE RS (Dual Pary).  IXAERY
TENXXGTATTREZHIMED, IERANTREB RN B E Rt 2 .
731 BEZHRBRIIR

ZHEPUTTEHERER A RR S, EARRILX:
B 41 Ladislav Kavan et al. FYi8 X AR ACHS

* Dual Quaternions for Rigid Transformation Blending

e Skinning with Dual Quaternions

o X5

PRIEZAD, Yan-Bin Jia 5 1 —fk T —EPIYTTEEITE .

7.4 [T

SR T VUTTER 5 1S3 BRI R B 12

741 IEXKRXE

Ken Shoemake Fz#/J1#2H Slerp FEAIIE S AN — M AMITTEIIIE S :
* Animating Rotation with Quaternion Curves

* Quaternions

Erik B. Dam, Martin Koch, Martin Lillholm X T PYeEidEIE N —RESE I :

* Quaternions, Interpolation and Animation

BATZ BRI Squad HYUERH AR A [E]#2 il s B 3 50T DATE 26 52-54 DUHRHRE],
XPUTCECSEAITIE AT DAFESS 23-25 TUEKEN, Xt Slerp PAR HPUFRE M T AT I 18 7]
DATE 42-47 DUHRE. BRIEZ AN, RXRIESOETIE T HERN—SEWE T, 7 RAE 56
T2 JEHE.

Jonathan Blow X} Slerp F—2E051, ‘B4EEN T Slerp HUHERE A8 N —LE{f4L -

58


https://www.cs.utah.edu/~ladislav/kavan06dual/kavan06dual.pdf
https://www.cs.utah.edu/~ladislav/kavan07skinning/kavan07skinning.pdf
https://www.cs.utah.edu/~ladislav/dq/index.html
http://web.cs.iastate.edu/~cs577/handouts/dual-quaternion.pdf
http://run.usc.edu/cs520-s15/assign2/p245-shoemake.pdf
http://www.cs.ucr.edu/~vbz/resources/quatut.pdf
http://web.mit.edu/2.998/www/QuaternionReport1.pdf

* Hacking Quaternions

* Understanding Slerp, Then Not Using It

Euclidean Space JX/M¥3ili FH2EZE T 3D feks 2 #ATE &A= & R B EE HR AT AT L :

¢ Maths - Rotation conversions

R EAEMAYEAT] TRCE - PrBLE@E R ISR SCERN TUTERI P, BEE AR
BT 7 2E . AATIN 1 48 9 SHIGMISS0EE, 56 & 10 SEHR.
HIF B SRR R — A, Mg TrocBoF Ry , T 2014 AR, H2HHPK
H o A S EE AT RE RS AE A 1] 4R

HMMNRST {EMIESE TPUTEECZ F WD 7 = RIT ol ERE T R O R M AR R ) H, fif
BRI 4552 (Stereographic Projection) 4 PUTTE# 2 2 3D 236, HEERILH
73 TR T DT RN I Pl RS SR (RARIXA T RTRES L ANFER) . 1l
R BERY — 2L & r] SR ARV B A —E R AT B

David Eberly 7EfHI %S Geometric Tools HE LI — R A S FEAAL:

* Quaternion Algebra and Calculus
* A Linear Algebraic Approach to Quaternions
* Constrained Quaternions Using Euler Angles

* Rotation Representations and Performance Issues

o X5

742 PFE
Andrew Hanson 45 ['Visualizing Quaternions] XfPYTTEHAT TARE HFMIINAE. R
TPCBHERITE RN 2 Hh, e TR 7R 2 i A0 Blyisias P e o i 2 1)

John Vince F45 TQuaternions for Computer Graphics) ¥ iS5 HHAE U e E i HALE]
AR BIN A, (HERDXHEERTTE.

IGraphics Gems) X—RINFHHHRZN TIHTHEHIITIE, (H2HETHLL

7.4.3 ST

R E0Z, EFEARARERERMAANNG, 3Bluel Brown 1£ YouTube &4 T PYIT
AR ZAE R A, fBRIFE 2 BRI P 3 AT ARy, W RIRE R E R AL
HIfgRe, Al ARB MBI (B T 1EEHT) -

59


http://number-none.com/product/Hacking%20Quaternions/index.html
http://number-none.com/product/Understanding%20Slerp,%20Then%20Not%20Using%20It/
http://www.euclideanspace.com/maths/geometry/rotations/conversions/index.htm
http://www.phys.cs.is.nagoya-u.ac.jp/~tanimura/math-phys/
http://www.phys.cs.is.nagoya-u.ac.jp/~tanimura/math-phys/
https://qiita.com/HMMNRST/items/0a4ab86ed053c770ff6a
https://www.geometrictools.com/Documentation/Quaternions.pdf
https://www.geometrictools.com/Documentation/LinearAlgebraicQuaternions.pdf
https://www.geometrictools.com/Documentation/ConstrainedQuaternions.pdf
https://www.geometrictools.com/Documentation/RotationIssues.pdf
https://www.geometrictools.com/GTEngine/Include/Mathematics/GteQuaternion.h
https://www.elsevier.com/books/visualizing-quaternions/hanson/978-0-12-088400-1
https://www.springer.com/us/book/9780857297594
http://www.realtimerendering.com/resources/GraphicsGems/

* What are quaternions, and how do you visualize them? A story of four dimensions.

7.4.4 X85
Cesium]S FEX T VYT AR SLEL -

* Quaternion.js

EIRIX DR JavaScript F 1Y, (B2 ELEVITHR R MRITIREIRE 2m, mH
AL T —A Slerp FUIE IR,
GLM JFEXFPUeomn — s PUe s B, KA Crs SEHL:

* quaternion.inl

* dual_quaternion.inl

Magnum JEX T PUTTEN R PYTEAYSEEL, RA Co+ SEH:

* Quaternion.h

* DualQuaternion.h

Direct3D 9 FIPUTCEEE S, BARRA NS, B2 HmES] 7R 2B EE LUK
E=EaUE

* Vectors, Vertices, and Quaternions (Direct3D 9)

8 MIR: MrTikpIaEXRET

IXEBAPRIEP Z AR 20 A0 AMERERALAIE u AN RSP TE w = [0, u],
f

"% = cos(6) + u sin(0)

Proof: MUFEMESEE—FE, PUTTEHIERHR (R PEORE LHY.
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https://www.youtube.com/watch?v=d4EgbgTm0Bg
https://github.com/AnalyticalGraphicsInc/cesium/blob/master/Source/Core/Quaternion.js
https://github.com/g-truc/glm/blob/master/glm/gtx/quaternion.inl
https://github.com/g-truc/glm/blob/master/glm/gtx/dual_quaternion.inl
https://github.com/mosra/magnum/blob/master/src/Magnum/Math/Quaternion.h
https://github.com/mosra/magnum/blob/master/src/Magnum/Math/DualQuaternion.h
https://docs.microsoft.com/en-us/windows/desktop/direct3d9/vectors--vertices--and-quaternions

FATHIE, e*, sin(x), cos(x) 7 AlHEFIZREN I RIT N

. o n w2 K3yt
e = —=1+x+—=+—=—+—+
n! 21 31 4l
n=0
) 2n+1 x> A
Sln(x)_z(2n+l)' =Xty Ty

BATATDAKE x = w0 RN ¥, 1551:

=1+ub+

0> w6y (uo)*  (uby
' + 31 + m + o1 .
ul0? W0 utet  wPe?
+ +

=1+uf+ +
2! 3! 4! 5!

RN u? = [~u-u,0] = —|[ul|? = -1, FRATATLAKE &40 3E—25{0f6 -

202 203 2\2p4 2\2p5
u“o +uu9 +(u)9 +u(u)9

2! 3! 4! 5!

A, K 6 1R cos(x) F1 sin(x),

sin(0) = Z ( C 6*+1

2n + 1)'
0° 05 o7
BT}
X (_1)n 2
cos() = ——0"
nzz(; (2n)!
6> o0+ 06°
=1-—+—=—-—+
21 4! 6!
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FItEA,

RHS = cos(0) + u sin(0)

o G, (=D" o
B ; (2n)! 0% + Z (2n)' &

0% uf® 0* uf
=1+ul——~—+—+———-=LHS

O

BAHEUER H S22 2R su(2) BIZRRE SU(2) BIFEEMT. AT 2 At CAREWSIERA
RN o = -1, HSEHH® = -1 ERERL. SEBAFNE «* = -1 XPHREE
POoe i b2 A R BMRRY. RN BT SR u = [0,u], HE v B2 —DEAAE,
u RIX N TTRER) — M.
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